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The generalized gravitational entropy proposed recently by Lewkowycz and Maldacena is extended to the 
interacting real scalar ﬁeld and Maxwell ﬁeld system. Using the BTZ geometry we ﬁrst investigate the 
case of free real scalar ﬁeld and then show a possible way to calculate the entropy of the interacting 
scalar ﬁeld. Next, we investigate the Maxwell ﬁeld system. We exactly solve the wave equation and 
calculate the analytic value of the generalized gravitational entropy. We also use the Einstein equation to 
ﬁnd the effect of backreaction of the Maxwell ﬁeld on the area of horizon. The associated modiﬁed area 
law is consistent with the generalized gravitational entropy.
© 2014 The Author. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/3.0/). Funded by SCOAP3.1. Introduction
Recently Lewkowycz and Maldacena [1] proposed the general-
ization of the usual black hole entropy formula [2–5] to Euclidean 
solutions without a Killing vector. Let us brieﬂy describe it below.
For a general quantum system the Euclidean evolution gener-
ates an unnormalized density matrix
ρ = Pe−
∫ τ f
τ0
dτH(τ ) (1.1)
While Tr[ρ] can be computed by considering Euclidean evolution 
on a circle by identifying τ f = τ0 +2π . The entropy of this density 
matrix can be calculated by the “replica trick” [6,7]. Namely, we 
can compute Tr[ρn] by considering time evolution over a circle of 
n times the length of the original one where H(τ + 2π) = H(τ )
and entropy is computed as
S = −n∂n
[
log Z(n) − n log Z(1)]n=1 = Tr[ρˆ log ρˆ] (1.2)
Z(n) = Tr[ρn], ρˆ = ρ
Tr[ρ] (1.3)
In the gravitational context, we can consider metrics which end on 
a boundary and assume that the boundary has a direction with the
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SCOAP3.topology of the circle. The boundary data can depend on the po-
sition along this circle but it respects the periodicity of the circle. 
We deﬁne the coordinate τ ∼ τ + 2π on the circle but without 
a U(1) symmetry. We then consider a spacetime in the interior 
which is smooth. Its Euclidean action is deﬁned to be log Z(1). 
We can also consider other spacetimes where we take the same 
boundary data but consider a new circle with period τ ∼ τ + 2nπ . 
Their Euclidean action is deﬁned to be log Z(n). These computa-
tions can be viewed as computing Tr[ρn] for the density matrix 
produced by the Euclidean evolution.
In this way, Lewkowycz and Maldacena [1] proposed the gen-
eralization of the usual black hole entropy formula [2–5] to Eu-
clidean solutions without a Killing vector. While the original paper 
had used the complex scalar ﬁeld to calculate the black hole en-
tropy, we will ﬁrst investigate the case of free real scalar ﬁeld 
and then discuss the effect of the interacting scalar ﬁeld and the 
Maxwell ﬁeld.
In Section 2 we study the free real scalar ﬁeld and interact-
ing scalar ﬁeld. In Section 3 we exactly solve the Maxwell ﬁeld 
equation and calculate the analytic value of the generalized gravi-
tational entropy. In Section 4 we use the Einstein equation to study 
the effect of backreaction of the Maxwell ﬁeld on the spacetime. 
We calculate the associated modiﬁed area law and see that it is 
consistent with the generalized gravitational entropy. The last sec-
tion is devoted to a short conclusion.under the CC BY license (http://creativecommons.org/licenses/by/3.0/). Funded by 
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2.1. Geometry
We follow the original paper [1] and consider the simple BTZ 
geometry1
ds2 = dr
2
1+ r2 + r
2dτ 2 + (1+ r2)dx2 (2.1)
Above metric has a U(1) isometry along the circle labeled by τ ∼
τ +2π . As metric is invariant under translations in x this direction 
will not play any role and we can take it to be compact of size Lx . 
Computing the entropy for this solution gives the standard area 
formula.
We now add a scalar ﬁeld or Maxwell ﬁeld and set boundary 
conditions that are not U(1) invariant by
Φ ∼ η cos(τ ) at r → ∞ (2.2)
Aμ ∼ η cos(τ ) at r → ∞ (2.3)
For the nth case, we need to consider a spacetime with the same 
boundary conditions in above equation but with τ ∼ τ +2nπ . This 
implies that the spacetime in the interior is [1]
ds2 = dr
2
n−2 + r2 + r
2dτ 2 + (n−2 + r2)dx2 (2.4)
We now need to compute the gravitational action to second order 
in η for scalar ﬁeld or Maxwell ﬁeld. The metric is changed at or-
der η2 but since the original background obeys Einstein equations, 
there is no contribution from the gravitational term to order η2. 
Thus, to this order, the whole contribution comes from the scalar 
ﬁeld or Maxwell ﬁeld in the action and we need to consider it in 
this spacetime.
2.2. Free real scalar ﬁeld
The action of real scalar ﬁeld is
AΦ = 1
2
∫
d3x
√
g gab∂aΦ∂bΦ
= 1
2
∫
d3x∂a
[√
g gabΦ∂bΦ
]
− 1
2
∫
d3xΦ∂a
[√
g gab∂bΦ
]
(2.5)
The ﬁrst bracket is the surface term and will contribute to the 
gravitational action which is considered later. After the variation 
the second bracket gives the scalar ﬁeld equation. As in [1] we 
make following ansatz
Φ(τ , r) = η cos(τ )φn(r) (2.6)
then the associated differential equation of φn(r) becomes
(
n−2r2 + r4)φ′′n (r) + (n−2r + 3r3)φ′n(r) − φn(r) = 0 (2.7)
which is just the differential equation of the complex scalar ﬁeld 
investigated in the original paper [1]. There are two independent 
solutions which have been normalized by φn(∞) = 1:
1 This geometry is more like AdS3 then the BTZ spacetime.hn(r) = n
nrn	(1+ n2 )2
	(1+ n) 2F1
(
1+ n
2
,
n
2
,1+ n,−n2r2
)
(2.8)
kn(r) = n
−nr−n	(1− n2 )2
	(1− n) 2F1
(
1− n
2
,−n
2
,1− n,−n2r2
)
(2.9)
The ﬁrst solution which is regular at the origin will be used in this 
section to ﬁnd the associated gravitational action. The second solu-
tion which is divergent at the origin plays a role in next subsection 
in studying the interacting theory.
Note that the action, as we analyzed before, has two parts. The 
second bracket becomes zero after putting the ﬁeld on-shell and 
we remain only the ﬁrst bracket which is the surface term. Thus 
the classical on-shell action becomes
AΦon-shell =
1
2
∫
d3x∂a
[√
g gabΦ∂bΦ
]
= 1
2
∫
d3x
[
∂τ
(√
g gττΦ∂τΦ
)+ ∂r(√g grrΦ∂rΦ)]
= −η
2
2
∫
d3x
[
∂t
(
cos(τ ) sin(τ )
)(√
g gττhn(r)
2)
+ cos2(τ )∂r
(
hn(r)
√
g grr∂rhn(r)
)]
= η
2
2
Lx∫
0
dx
2nπ∫
0
dτ cos2(τ )
(
hn(r)
√
g grr∂rhn(r)
)
r→∞
= nπ Lx
2
η2
(
hn(r)
√
g grr∂rhn(r)
)
r→∞ (2.10)
Substituting the solution hn(r) we ﬁnd that
log ZΦ(n) = AΦon-shell = π Lx η2
(
−2n(log(n) + log(r))
+ 2n
(
ψ(0)
(
n
2
)
+ γ
)
+ 2
)
+O
(
1
r
)
(2.11)
The terms linear in n include divergent terms that should be sub-
tracted [1]. However, they do not contribute to the entropy.
The associated generalized gravitational entropy becomes
SΦGGE = −n∂n
[
log Z(n) − n log Z(1)]n=1
= π Lx
4
η2
(
8− π2) (2.12)
which is exactly the half value of the complex scalar ﬁeld calcu-
lated in [1], as expected.
2.3. Interacting real scalar ﬁeld
The action of interacting real scalar ﬁeld is
A = 1
2
∫
d3x
√
g
[
gab∂aΦ∂bΦ + λ4!Φ
4
]
= 1
2
∫
d3x∂a
[√
g gabΦ∂bΦ
]
− 1
2
∫
d3x
[
Φ∂a
(√
g gab∂bΦ
)− λ
4!
√
gΦ4
]
(2.13)
The ﬁrst integration is the surface term and will contribute to the 
gravitational action. After substituting previous ansatz Φ(τ , r) =
η cos(τ ) Fn(r) into second integration it becomes
(
nπ Lxη
2)[∫ dr 1
2
Fn(r)
√
g gττ Fn(r) − Fn(r)∂r
[√
g grr∂r Fn(r)
]
+
∫
dr
3 λη2 √
gFn(r)
4
]
(2.14)
4 4!
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4 in λ4!Φ
4. The 
variation with respective to Fn(r) gives the differential equation
(
n−2r2 + r4)F ′′n (r) + (n−2r + 3r3)F ′n(r) − Fn(r) = λη
2
8
F 3n (r)
(2.15)
which cannot be solved exactly. Therefore, we restore to the per-
turbation for small coupling λη2. In this case we expand Fn =
hn +λη2sn in which hn is that found in free case and sn will satisfy 
the differential equation
s′′n(r) +
n−2r + 3r3
n−2r2 + r4 s
′
n(r) −
1
n−2r2 + r4 sn(r) =
h3n(r)
8(n−2r2 + r4)
(2.16)
Above differential equation can be solved by the standard method 
of variation of parameters. As associated homogeneous differential 
equation has two exact solutions (kn(r) and hn(r)) the general so-
lution is
sn(r) = α kn(r) + β hn(r) + Pn(r)kn(r) + Qn(r)hn(r) (2.17)
in which α and β are arbitrary constants and
Pn =
∫
dr
−hn(r)
W (kn(r),hn(r))
h3n(r)
8(n−2r2 + r4) (2.18)
Qn =
∫
dr
kn(r)
W (kn(r),hn(r))
h3n(r)
8(n−2r2 + r4) (2.19)
where W (kn(r), hn(r)) is the Wronskian of kn(r), hn(r) deﬁned by
W
(
kn(r),hn(r)
)=
∣∣∣∣kn(r) hn(r)k′n(r) h′n(r)
∣∣∣∣ (2.20)
While we could not ﬁnd the exact function forms of Pn and Qn
we make following comments:
1. In the convention, we can ignore the integration constants in 
above integrations since including them would merely regenerate 
terms already present in the homogeneous solution. However, in 
our case we shall take α = 0 and β = 1 to have regular solution at 
r = 0.
2. Although solution kn(r) is divergent at r = 0 the particular 
solution Pn and Qn , which involve kn(r) in their deﬁnition, are 
ﬁnite at r = 0. We have checked this property by numerical evalu-
ation. Thus we shall take both solutions in following study.
3. We have to ﬁnd the large r behaviors of particular solution 
Pn(x) and Qn(x) in order to calculate the generalized gravitational 
entropy. By Taylor expansion about r = ∞ it is easy to ﬁnd that
Pn(r) ≈ 1
12πn
tan
(
πn
2
)(
−2 log(r)(n(log(n2)+ log(r))
− 2γn + n − 1)+ nr2
+ n
(
ψ(0)
(
−n
2
)
+ 3ψ(0)
(
n
2
))
log(r)
)
(2.21)
Qn(r) ≈ 1
12πn
tan
(
πn
2
)(
−2 log(r)(n(log(n2)+ log(r))
+ n − 2)+ nr2
+ 4n
(
ψ(0)
(
n
2
)
+ γ
)
log(r)
)
(2.22)
Because Pn and Qn are divergent at r → ∞ we have to introduce 
a cutoff Λ and perform the integration from Λ to large r to de-
ﬁne the precisely values of Pn and Qn in large r. In this way the 
solution is normalized to be Φ(∞) = 1 as in free case.Now, we can substitute above solutions into classical on-shell 
action and the associated generalized gravitational entropy be-
comes
SλΦGGE = −n∂n
[
log Z(n) − n log(1)]n=1
≈ π Lx
(
8− π2)
(
η2
4
− λη
4
64
)
(2.23)
to the ﬁrst order of small parameter λη4.
Note that above result seems to be valid at order η4 which is 
a higher order than initially expected and to this order the purely 
gravitational part of the action should give a contribution. Now we 
can consider the case with the property: next leading gravitational 
part < interacting scalar ﬁeld part < leading gravitational part, i.e. 
η4 < λη4 < η2 then above result is consistent without furthermore 
gravitational part. We shall notice that in this case, as η4 < λη4
the coupling λ is larger than 1 while η < 1.
2.4. Backreaction of interacting scalar ﬁeld on the area law
Now we will study the backreaction of the interacting scalar 
ﬁeld on the metric. Note that the backreaction of free scalar ﬁeld 
has been treated in original paper [1]. Following it we can easily 
check that the formula derive in [1]
SΦ
∣∣
η2
= 4π(δA0 + δAλη2) = 4πδA0 + SΦ
∣∣
λη2
= −λη2 2π Lx
∞∫
0
drr(∂rΦ)
2 (2.24)
can also be used in the interacting scalar system. The black hole 
entropy is S = 4π A = 4π(A0 + δA0 + δAλη2 ) where 4πδA0 is the 
part of deformation by free scalar ﬁeld which was studied in [1]. 
4πδAλη2 is the part of deformation by interacting scalar ﬁeld.
The ﬁeld Φ in above equation can be found by the standard 
method of variation of parameters as described in previous sub-
section. Now we need to ﬁnd the n = 1 solutions associated to 
hn(r) and kn(r) in (2.8) and (2.9). To avoid the singularity of factor 
2 F1(1 − n2 , − n2 ; 1 −n; −n2r2) in kn(r) in the limit n = 1 we can use 
following identity
(1− n) 2F1
(
1− n
2
,−n
2
;1− n;−n2r2
)
=
(
1− n
2
)2
2F1
(
2− n
2
,−n
2
;2− n;−n2r2
)
− n
2
4
2F1
(
1− n
2
,1− n
2
;2− n;−n2r2
)
(2.25)
to ﬁnd k1(r). Then we see that h1(r) = k1(r) although hn(r) = kn(r)
if n = 1. In fact for case of n = 1 we can ﬁnd the following exact 
solutions
h1(r) = πr
4
2F1
(
1
2
,
3
2
;2;−r2
)
(2.26)
1(r) = − iE(r
2 + 1)
r
= h1(r) + i F (r) (2.27)
where E(r) is the complete elliptic integrals of the second kind. 
Note that functions h1(r) and F (r) are real. h1(∞) = 1(∞) = 1
and F (∞) = 0. Therefore, besides the function 1(r) we can choose 
h1(r) +α F (r) as another real solution and both of them satisfy the 
boundary condition of approach to 1 at r = ∞. However, we now 
have an arbitrary parameter α. Maybe, for example, we can set the 
boundary condition at r = 10 by requiring the solution to approach 
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alytic calculation in previous subsection to have another arbitrary 
parameter.
Therefore at present time we cannot see the property that the 
backreaction of the interacting scalar ﬁeld on the area of horizon 
is equal to the associated generalized gravitational entropy, which 
is show in the case of free scalar ﬁeld in [1]. In next section we 
can see that the backreaction of the Maxwell ﬁeld on the area of 
horizon is exactly equal to the associated generalized gravitational 
entropy.
3. Generalized gravitational entropy of Maxwell ﬁeld
The conventional action of Maxwell ﬁeld is
A = −1
4
∫
d3x
√
g Fab Fcd g
ac gbd (3.1)
We choose the gauge of A0 = 0 and as [1] we assume that the 
Maxwell ﬁelds are independent of coordinate x. Then, the action 
becomes
A = −1
2
∫
d3x
√
g
(
gττ gxx(∂t Ax)
2
+ grr gxx(∂r Ax)2 + gττ grr(∂t Ar)2
)
(3.2)
= −1
2
∫
d3x
[
∂t
(
Ax
√
g gττ gxx∂t Ax
)+ ∂r(Ax√g grr gxx∂r Ax)
+ ∂t
(
Ar
√
g gττ grr∂t Ar
)]− [Ax∂t(√g gττ gxx∂t Ax)
+ Ax∂r
(√
g grr gxx∂r Ax
)+ Ar∂t(√g gττ grr∂t Ar)] (3.3)
The ﬁrst bracket is the surface term and will contribute to the 
gravitational action which is considered later. After the variation 
the second bracket gives the ﬁeld equations (as in [1] we assume 
that Maxwell ﬁeld is independent of x)
0= ∂t
(√
g gττ grr∂t Ar
)
(3.4)
0 = ∂t
(√
g gττ gxx∂t Ax
)+ ∂r(√g grr gxx∂r Ax) (3.5)
If we search the following solution
Ar(τ , r) = ηr cos(τ ) wn(r) (3.6)
Ax(τ , r) = η cos(τ ) fn(r) (3.7)
then ﬁeld equations imply wn(r) = 0 and fn(r) is described by
r f ′′n (r) + f ′n(r) −
1
r(n−2 + r2) fn(r) = 0 (3.8)
The solution which is regular at the origin is
fn(r) = nnrn2F1
(
n
2
,
n
2
,
n
2
,1+ n,−n2r2
)
(3.9)
As in real scalar ﬁeld we choose the normalized constant to be 1 
for the coeﬃcient of leading asymptotical term. Then the normal-
ized solution becomes
fn(r) = n
nrn	(n2 )	(1+ n2 )
2n	(n)
2F1
(
n
2
,
n
2
,
n
2
,1+ n,−n2r2
)
(3.10)
Using this solution we now calculate the gravitational action.
The action we analyzed before has two parts. The second 
bracket becomes zero after putting the ﬁeld on-shell and we re-
main only the ﬁrst bracket which is the surface term. Thus the 
classical on-shell action becomesAon-shell
= −1
2
∫
d3x
[
∂t
(
Ax
√
g gττ gxx∂t Ax
)
+ ∂r
(
Ax
√
g grr gxx∂r Ax
)]
= −η
2
2
∫
d3x
[
∂t
(− cos(τ ) sin(τ ))(√g gττ gxx fn(r)2)]
+ cos2(τ )∂r
(
fn(r)
√
g grr gxx∂r fn(r)
)
= −η
2
2
Lx∫
0
dx
2nπ∫
0
dτ cos2(τ )
(
fn(r)
√
g grr gxx∂r fn(r)
)
r→∞
= −nπ Lx
2
η2
(
fn(r)
√
g grr gxx∂r fn(r)
)
r→∞ (3.11)
Substituting the found solution fn(r) we obtain
log Z(n) = Aon-shell = π Lxη2
(
−2n(log(n) + log(r))
+ 2n
(
ψ(0)
(
n
2
)
+ γ
)
+ 2
)
+O
(
1
r
)
(3.12)
The terms linear in n include divergent terms that should be sub-
tracted [1]. However, they do not contribute to the entropy.
The associated generalized gravitational entropy becomes
SGGE = −n∂n
[
log Z(n) − n log(1)]n=1
= π Lx
4
η2
(
8− π2) (3.13)
which is exactly the value in the real scalar ﬁeld case. The physical 
reason behind the coincidence is that in 3D the Maxwell ﬁeld is 
dual to a real scalar ﬁeld. Therefore, the contribution of the elec-
tromagnetic ﬁeld is just that from a real scalar ﬁeld in 3D.
Notice that only the asymptotical values of log Z(n) are same 
for real scalar ﬁeld and Maxwell ﬁeld. The terms O( 1r ) in each 
log Z(n) are different.
4. Backreaction of the Maxwell ﬁeld on the area law
Now we will study the backreaction of the Maxwell ﬁeld on the 
metric. The action is
−S =
∫
d3x
√
g
[
R − Λ − 1
4
Fμν F
μν
]
(4.1)
with Λ = 2. The Einstein equations are
Gμν ≡ Rμν − gμν
2
(R − 2) = Tμν (4.2)
where
Tμν = 1
4
gμν Fab F
ab − Fμa Faν (4.3)
Using the property shown in previous section that it remains only 
one component Ax in Coulomb gauge we ﬁnd that
T xx =
1
4
Fab F
ab − F xa Fax (4.4)
T rr =
1
4
Fab F
ab − F ra Far = T xx −
(
∂τ Ax
)
(∂t Ax)
= T xx −
1
r2(1+ r2) (∂τ Ax)
2 (4.5)
To proceed we see that the backreaction of Maxwell ﬁeld will 
modify the BTZ metric which can be written by [1]
W.-H. Huang / Physics Letters B 739 (2014) 365–369 369ds2 = dr
2
1+ r2 + g(r) + r
2dτ 2 + (1+ r2)(1+ v(r))dx2 (4.6)
To the leading of perturbation (small g(r) and v(r))
Gxx =
g′(r)
2r
(4.7)
Grr =
g(r)
1+ r2 +
(1+ r2)v ′(r)
2r
(4.8)
Therefore, by using the Einstein equations we can ﬁnd that
v ′(r) =
(
g(r)
1+ r2
)′
+ 2
r(1+ r2)2 (∂t Ax)
2 (4.9)
Now we have a little trouble, because that the functions g(r) and 
v(r) are independent of τ while the time dependence of Ax(τ , r)
is cos(τ ), as used in previous section. In fact, in this case we can 
ﬁrst perform the integration over factor cos(τ ) within the function 
(∂t Ax)2 in the action. This integration gives 12π
∫ 2π
0 cos(τ )
2 = 12
in the action and, in conclusion, we can replace above (∂τ Ax)2
by 12 A
2
x .
Therefore, using the property that g(0) = 0 due to the regu-
larity condition for the metric at the origin and g(r)/r2 → 0 at 
inﬁnity we ﬁnd that
v(0) =
∞∫
0
dr
1
r(1+ r2)2 (Ax)
2 (4.10)
which implies that to the leading order of η2 the deformation of 
area of horizon δA is
S|η2 = 4πδA = −η22π Lx
∞∫
0
dr
1
r(1+ r2)2 (Ax)
2
≈ −1.46838η2Lx (4.11)
after substituting the exact solution of Ax (with n = 1) found in 
previous section.
We make two comments about our results.
1. The black hole formula is S = 4π A = 4π A0(1 + v(0)) =
4π(A0 + δA) and S|η2 is the part of deformation by Maxwell ﬁeld.
2. The generalized gravitational entropy calculated in previous 
section is SGGE = π Lx4 η2(8 − π2) = −1.46838 η2 Lx . We thus see 
that SGGE = S|η2 . This shows that the backreaction of the Maxwell 
ﬁeld on the area of horizon is equal to the associated generalized 
gravitational entropy.
5. Conclusion
After Lewkowycz and Maldacena [1] proposed the generaliza-
tion of the usual black hole entropy formula [2–5] several au-thors had studied the generalized gravitational entropy in higher-
derivative gravity [8–14]. In this paper we focus on the fundamen-
tal property of generalized gravitational entropy. We ﬁrst investi-
gate the case of free real scalar ﬁeld and then discuss the effect of 
the interacting scalar ﬁeld. Next, we investigate the Maxwell ﬁeld 
system. We are able to exactly solve the wave equation and cal-
culate the analytic value of the generalized gravitational entropy 
in Coulomb gauge. We also use the Einstein equation to ﬁnd the 
effect of backreaction of the Maxwell ﬁeld on the geometry. The 
associated modiﬁed area law is consistent with the generalized 
gravitational entropy. We have shown a possible way to calculate 
the generalized gravitational entropy of the interacting scalar ﬁeld 
and Maxwell ﬁeld system in Coulomb gauge. We also explicitly 
show that effect of backreaction of the Maxwell ﬁeld on the area 
of horizon is the generalized gravitational entropy.
Note that in this paper we adopt the Coulomb gauge because 
the associated solution could be found easily. However, it is impor-
tant to see that whether the property also be shown in the general 
gauge. Also, we shall study the property in the more realistic ge-
ometry to conﬁrm the property of the generalized gravitational 
entropy. These problems are under investigation.
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